Abstract. For a given function in some classes related to real derivatives, we examine the structure of the set of points which are not Lebesgue points. In particular, we prove that for a summable approximately continuous function, the non-Lebesgue set is a nowhere dense nullset of at most Borel class 4.
Introduction.
The classes of Darboux Baire 1, approximately continuous, and Lebesgue functions play a significant role in differentiation theory for real functions of a real variable. In [5] it is shown that every Darboux Baire 1 (and thus every approximately continuous) function defined on a closed interval can be transformed into a Lebesgue function by an appropriate homeomorphic change of variables, while in [2] 
Preliminaries.
Let us begin by introducing some notation, terminology, and background results necessary to our discussion. The real line is denoted by R and [a, b] is an arbitrary nondegenerate closed interval. The letters m and n always denote positive integers. Given a set S, we write S and S c for, respectively, the closure of S and the complement of S relative to [a, b] . It is assumed that all functions are measurable real-valued functions with domain [a, b] , and any integrals are to be interpreted as Lebesgue integrals. For a given function f and a subset E of [a, b] , f |E means the restriction of f to the set E. Recall that a number x is a Lebesgue point of [1] and [4] , and we will use these properties without restraint. In particular we note that at any of its Lebesgue points a Darboux Baire 1 function f is approximately continuous and is the derivative of its integral. On the other hand, if f is approximately continuous at x, A is a measurable subset of [a, b] , and f |A is bounded, then (1) lim
and if x is additionally a density point of A, then
We also assume basic knowledge of Borel sets and their classifications, as found in [3] . We now proceed to show that L c f must also be a Borel set of type G δσδσ for any summable approximately continuous function f . Since the proof only requires f to be a Baire 1 summable function, we state and prove our result in this more general setting. The proof will be based on three lemmas. Assume throughout that
If f is summable, then for each m the set T m defined by
Proof. The set-theoretic difference of two closed sets is an F σ , so it is sufficient to show that T m = T m − {(x, y, z) : x = y}. Containment in one direction is obvious. To show containment in the opposite direction we show that if (x, y, z) ∈ T m and x = y, then (x, y, z) ∈ T m . For convenience we suppose that y > x, as the proof is analogous if y < x. There exists a sequence
. Thus x k tends to x, y k tends to y, z k tends to z, and y k > x k for large enough k.
Choose ε > 0 arbitrarily. Since f is summable, there exists a δ > 0 such that
for any subset B of [a, b] having measure less than δ. Now choose a large enough integer K so that the following four conditions are satisfied whenever k > K:
Then for all k > K we have
Since ε was arbitrary, we deduce that 
To complete the proof, it thus suffices to show that each A m,n is of type F σ . Let B m,n = T m ∩{(x, y, z) : 0 < |y −x| ≤ 1/n}, where T m is the set defined in the previous lemma. Then B m,n , being the intersection of two F σ sets, is also of type F σ . Let P 2 denote the projection map of D onto [a, b] × R, where P 2 is defined by P 2 (x, y, z) = (x, z). It is evident that P 2 (B m,n ) = A m,n . Since B m,n is of type F σ , we can find compact sets 
Proof. This is just a special case of a theorem in [3, p. 385] . 
Thus x ∈ L c f if and only if there exists some z in R for which the following two conditions are satisfied:
(ii) for some m and every n there is a y such that 0 < |y − x| ≤ 1/n and
where C is the F σδσ set of Lemma 2 and G is the graph of f . Applying Lemma 3 completes the proof.
As an immediate application of Theorem 1, we see that if L c f is uncountable then it contains a nonempty nowhere dense perfect set. This is true because every uncountable Borel set has that property. We also mention that there is an analogue to Lemma 3 which is valid for any function f of 
(This terminology is appropriate because for any homeomorphism h of R onto R satisfying a mild growth condition, each weak non-Lebesgue point of f is a Lebesgue point of h•f , for every approximately continuous function f . See [2] .) It is a straightforward argument to prove from formulas (1) and (2) We can deduce that E m,n is of type F σ by a slight modification of the argument that was used in the proof of Lemma 2 to show the set A m,n was of type F σ . (Just take z = 0, using the notation in that proof.) By formula (3), it is clear that the set of firm non-Lebesgue points equals 
